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Abstract. We study a finite-horizon stochastic control criterion for non-convex optimization in
which Brownian exploration is balanced against a quadratic control cost. Rather than emphasizing
the classical Hopf–Cole representation, we isolate the exact drift selected by the criterion and
reorganize it in a form adapted to optimization. The key object is the conditional terminal law of
the optimal process. We show that this law is a Gibbs measure for a proximally penalized energy,
yielding three exact representations of the drift: potential, averaged-gradient, and barycentric. We
then analyze two asymptotic regimes relevant for optimization. As terminal time is approached,
the drift recovers a scaled gradient-descent field. In the low-temperature regime, assuming a unique
global minimizer, the conditional terminal law concentrates on it even in the presence of nonglobal
local minima, and the drift converges to an affine attraction field toward it. In the nondegenerate
case we also derive Laplace asymptotics for the drift, the value function, and the covariance of the
conditional terminal law. Finally, we record a simple gradient-free discretization suggested by the
barycentric formula.
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1. Introduction

We are interested in the global minimization problem

x∗ ∈ argmin
x∈IRd

f(x), f∗ = min
x∈IRd

f(x),

for a possibly non-convex objective function f : IRd → IR.
The starting point of the paper is the finite-horizon stochastic control criterion

(1.1) Jλ(u) = E
[
f(XT ) +

λ

2T

∫ T

0
|ut|2 dt

]
, Xt = x0 +

∫ t

0
us ds+

√
2βBt, us = u(s,Xs).

We use control, drift, and — when speaking from the optimization viewpoint — optimizer, for
the process u. In the deterministic warm-up below, u is an open-loop control depending only on
time. In the stochastic problem, the relevant objects will be time-dependent Markov feedbacks of
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the form ut = u(t,Xt), which is standard terminology in finite-horizon control theory (see, e.g.,
[12, 33, 36]). Throughout the paper, us denotes the realized admissible control process, u(t, x)
denotes a Markov feedback vector field, while u∗λ will denote the optimal feedback selected by

the finite-horizon criterion associated with Jλ (see Theorem 2.3 below). We keep the expression
“optimal drift optimizer” as a convenient shorthand for the feedback selected by (1.1), but always
relative to this precise criterion. The paper does not claim a universal optimal algorithm for
non-convex optimization.

From the viewpoint of stochastic control, the analytic core of (1.1) is classical. The logarithmic
transform reducing the Hamilton-Jacobi-Bellman equation to a linear parabolic equation belongs
to the linearly solvable control literature [20, 31, 32]. Closely related exponential reweightings of
Brownian motion appear in reciprocal diffusion and Schrödinger-Föllmer constructions [8, 9, 13,
16, 34, 37]. The same forward-backward structure also appears in mean-field games [5, 23]. On
the PDE and optimization side, related kernels have recently been interpreted through Wasserstein
proximal operators and Hamilton-Jacobi regularizations [17, 15, 24, 27]. The present viewpoint
should also be compared with Gaussian homotopies, consensus-based optimization, and gradient-
free integration methods [1, 7, 14, 19].

The closed form itself is therefore not the main contribution of the paper. The point of the
present note is to isolate the optimization content of that classical formula in a short and coherent
framework on IRd. More precisely, the paper emphasizes the following facts.

(i) The criterion (1.1) fixes its own scales. It selects both the Gaussian variance 2β(T − t)
and the effective temperature 2λβ

T , instead of taking them as external schedules. This dis-
tinguishes the present construction from Gaussian homotopy and consensus-type methods,
where the smoothing scale or the consensus temperature is prescribed by hand.

(ii) The stochastic problem is best read as a feedback optimal control problem, and the law-level
Fokker-Planck formulation explains naturally why a feedback field appears. The determin-
istic open-loop toy problem already contains the proximal mechanism behind the whole
construction.

(iii) The central object is the conditional terminal law of the optimal process. It is a Gibbs
law for a penalized energy, and it simultaneously yields the three useful forms of the drift:
potential, averaged-gradient, and barycentric.

(iv) The low-temperature regime λ → 0 is the global-optimization regime. Under the sole
assumption that the global minimizer is unique, with no exclusion of nonglobal local minima,
the terminal law concentrates on that minimizer and the drift becomes an affine attraction
toward it. The regime t → T is the local consistency regime: it shows that the same drift
reconnects with gradient descent near the end of the horizon. The two limits are generically
non-commutative, reflecting the tension between global exploration and local exploitation.

The main text is written on IRd with an integrable Gibbs density. We do not mix a free dif-
fusion on IRd with a hard state constraint encoded by setting f = +∞ outside a bounded set.
The bounded-domain framework, namely reflected diffusions and no-flux boundary conditions, is
mentioned as a perspective in Section 5.

Before turning to the stochastic feedback problem, it is useful to begin with the deterministic
open-loop toy model behind the whole construction.

Proposition 1.1 (Deterministic warm-up). Fix x0 ∈ IRd, T > 0, and λ > 0. Consider

inf

{
f(x(T )) +

λ

2T

∫ T

0
|u(t)|2 dt

∣∣ ẋ(t) = u(t), x(0) = x0

}
.

Then

(1.2) inf
u∈L2(0,T ;IRd)

{
f(x(T )) +

λ

2T

∫ T

0
|u(t)|2 dt

}
= inf

y∈IRd

{
f(y) +

λ

2T 2
|y − x0|2

}
.
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If the right-hand side admits a minimizer yλ(x0), then an optimal control is the constant control

uλ(t) =
yλ(x0)− x0

T
, xλ(t) = x0 +

t

T

(
yλ(x0)− x0

)
.

Proof. Let y = x(T ). Since y − x0 =
∫ T

0 u(t) dt, the Cauchy-Schwarz inequality gives∫ T

0
|u(t)|2 dt >

1

T

∣∣∣∣ ∫ T

0
u(t) dt

∣∣∣∣2 =
1

T
|y − x0|2,

with equality if and only if u is constant. Therefore, among all trajectories ending at y, the minimal
kinetic cost equals λ

2T 2 |y − x0|2. Minimizing over y gives the result. �

Proposition 1.1 already shows what the quadratic running cost does: it turns the endpoint
optimization into a proximal penalization. Equivalently, the right-hand side of (1.2) is the Moreau
envelope of f with parameter µ = T 2/λ, evaluated at x0. The stochastic problem below is its noisy
feedback analogue, with a terminal law instead of a single terminal point.

The same warm-up already contains the basic low-λ intuition.

Corollary 1.2 (Low-λ limit in the warm-up). Assume that f is continuous, bounded from below,
coercive, and has a unique minimizer x∗. Let yλ(x0) be any minimizer of the problem (1.2). Then

yλ(x0)→ x∗ as λ ↓ 0. Consequently, uλ(t)→ x∗−x0
T for every t ∈ [0, T ].

Proof. For every λ > 0,

f
(
yλ(x0)

)
+

λ

2T 2
|yλ(x0)− x0|2 6 f(x∗) +

λ

2T 2
|x∗ − x0|2.

Hence

f
(
yλ(x0)

)
6 f∗ +

λ

2T 2
|x∗ − x0|2.

By coercivity, the family {yλ(x0)}λ>0 is bounded. Let λn ↓ 0 and assume yλn(x0) → ȳ along a
subsequence. Passing to the limit in the previous inequality gives f(ȳ) 6 f∗. Hence ȳ = x∗ by
uniqueness of the minimizer. Every convergent subsequence has the same limit, so the whole family
converges to x∗. �

The deterministic warm-up is open-loop. The finite-horizon optimizer selected by (1.1) will
instead be a time-dependent Markov feedback.

The rest of the paper is organized as follows. Section 2 solves the finite-horizon optimal control
problem and identifies the exact terminal Gibbs law and the three equivalent forms of the drift.
Section 3 contains the asymptotic analysis: the regime t→ T explains the local gradient behavior,
while the regime λ→ 0 gives the global-selection mechanism and the Laplace asymptotics. Section 4
records a gradient-free discretization. Section 5 concludes with further comments and perspectives.

2. Optimal control and exact drift

This section solves the finite-horizon optimal control problem associated with (1.1), more gener-
ally with the translated criterion Jλt,x (defined by (2.1) further) starting from an arbitrary time-space
point (t, x). We record both the Hamilton-Jacobi-Bellman and the law-level Fokker-Planck formu-
lations, and we identify the conditional terminal law that carries the whole drift. The closed form
itself is classical; what matters here is the way it is reorganized for optimization.
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2.1. Fokker-Planck formulation and Gibbs objects. We fix throughout two parameters T >
0 and β > 0.

Assumption 2.1. The objective function f : IRd → IR satisfies the following conditions:

i) f ∈ C2(IRd), f is bounded from below, and f(x)→ +∞ as |x| → +∞;
ii) for every c > 0, the functions e−cf , |∇f |e−cf , and1 ‖D2f‖e−cf belong to L1(IRd).

Assumption 2.1 keeps the whole discussion on IRd and avoids artificial hard walls. It is satisfied,
for instance, by coercive C2 functions whose first two derivatives have at most polynomial growth.
The low-temperature concentration arguments of Section 3 use less than this, but these assumptions
are convenient for the exact formulas. The bounded-domain case with reflection is mentioned as a
perspective in Section 5.

On a filtered probability space carrying a d-dimensional Brownian motion B, an admissible
control on [t, T ] from x is a progressively measurable process (us)s∈[t,T ] with values in IRd such that

E
∫ T

t
|us|2 ds < +∞. Given such a control, we set

Xs = x+

∫ s

t
ur dr +

√
2β(Bs −Bt), s ∈ [t, T ],

and

(2.1) Jλt,x(u) = E
[
f(XT ) +

λ

2T

∫ T

t
|us|2 ds

]
.

A Markov control, also called a time-dependent feedback control in the finite-horizon setting, is a
control of the special form us = u(s,Xs) for some Borel map u : [t, T ]× IRd → IRd (see [12, 36]).

If the control is Markov and u is regular enough, then the law ρ(s, ·) of Xs solves the Fokker-
Planck equation

(2.2) ∂sρ+∇ ·
(
ρu
)

= β∆ρ

in the distributional sense; under smoothness assumptions the derivation is classical, see, for ex-
ample, [28, Chapter 6] or [30, Chapters 4 and 5]. Consequently, the criterion Jλt,x may be rewritten
at the level of densities as

(2.3) inf
u

{∫
IRd
f(y)ρ(T, y) dy +

λ

2T

∫ T

t

∫
IRd
|u(s, y)|2ρ(s, y) dy ds

}
,

subject to the dynamical constraint (2.2). This formulation is the natural feedback analogue of
Proposition 1.1. Thus, starting from an initial density ρ(t, ·) = ρ0, one seeks a feedback vector
field u and an associated path of probability densities ρ(s, ·) solving (2.2). The density is not an
additional modeling assumption; it is the law of the controlled diffusion and therefore records the
evolution of mass in configuration space. In the global-optimization regime described in Section 3,
the terminal mass is expected to concentrate near x∗. This is the sense in which the drift selected
by (2.2)–(2.3) may be called an optimal drift optimizer.

2.2. Exact value function and optimal feedback. We begin with standard notation. For
r > 0, let

Gr(z) =
1

(4πβr)d/2
exp

(
− |z|

2

4βr

)
denote the heat kernel with diffusivity β. Fix λ > 0 and let

πλ(y) =
1

Mλ
e−αλf(y), αλ =

T

2λβ
, Mλ =

∫
IRd
e−αλf(y) dy.

1Here ‖ · ‖ denotes the usual induced matrix norm.
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πλ denotes the normalized Gibbs density associated with f at inverse temperature αλ, or equiva-
lently at effective temperature 2λβ

T ; see, for example, [11, Chapter 2]. In the present setting these
quantities are not inserted by hand: they are selected by the Hopf-Cole transform of the HJB
equation, as in the linearly solvable control literature [20, 31, 32], and they also arise from the
static free-energy problem

−2λβ

T
logMλ = inf

{∫
IRd
f(y)ρ(y) dy +

2λβ

T

∫
IRd
ρ(y) log ρ(y) dy | ρ > 0,

∫
IRd
ρ(y) dy = 1

}
,

whose unique minimizer is πλ (see [11, Chapter 4]). In this sense πλ is the Gibbs law that balances

objective value and entropy at temperature 2λβ
T .

Finally, for 0 6 t < T and x ∈ IRd, we define

(2.4) hλ(t, x) = (GT−t ∗ πλ)(x), Φλ(t, x) = −2β log hλ(t, x),

and

(2.5) Vλ(t, x) =
λ

T
Φλ(t, x)− 2λβ

T
logMλ.

Equivalently,

(2.6) Vλ(t, x) = −2λβ

T
log

∫
IRd
GT−t(x− y)e−αλf(y) dy.

Remark 2.2 (Role of T and β). Formula (2.6) makes the role of T completely explicit. The
Gaussian factor has covariance 2β(T − t)Id, so the typical radius of the terminal averaging at time

t is
√

2β(T − t). This is the time-dependent search radius. At the same time, the Gibbs factor

uses inverse temperature αλ = T
2λβ . Hence increasing T simultaneously enlarges the spatial search

region and sharpens the Gibbs concentration. With the present normalization, the limit T → +∞
is therefore not a neutral passage to a larger horizon but a different optimal control problem. An
infinite-horizon theory would require a differently scaled criterion, typically discounted or ergodic.
By a time rescaling one may normalize β = 1, but keeping β explicit makes both scales visible.

Theorem 2.3. Under Assumption 2.1, the function Vλ defined by (2.5) belongs to C1,2([0, T ) ×
IRd) ∩ C([0, T ]× IRd) and is the classical solution of the backward viscous eikonal equation

(2.7) ∂tVλ =
T

2λ
|∇Vλ|2 − β∆Vλ on [0, T )× IRd,

with terminal condition Vλ(T, x) = f(x). Moreover,

Vλ(t, x) = inf
u
Jλt,x(u),

where the infimum is taken over all admissible controls. The optimal control is the Markov feedback

(2.8) u∗λ(t, x) = −T
λ
∇Vλ(t, x) = −∇Φλ(t, x) = 2β∇ log hλ(t, x).

The notation of u∗λ as the optimal feedback will be used consistently below.

Proof. Since πλ ∈ C2(IRd) ∩ L1(IRd), the heat convolution hλ belongs to C∞([0, T ) × IRd) and
satisfies

(2.9) ∂thλ + β∆hλ = 0 on [0, T )× IRd,

with terminal trace hλ(T, ·) = πλ. Hence

∇Vλ = −2λβ

T

∇hλ
hλ

, ∆Vλ = −2λβ

T

∆hλ
hλ

+
2λβ

T

|∇hλ|2

h2
λ

.
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Using (2.9), we obtain (2.7). Since hλ(t, ·) → πλ locally uniformly as t ↑ T , the definition of Vλ
yields

Vλ(T, x) = −2λβ

T
log πλ(x)− 2λβ

T
logMλ = f(x).

The Hamiltonian of the finite-horizon optimal control problem is (see, e.g., [29, 33, 36])

H(x, p, u) = u · p+
λ

2T
|u|2.

For each (x, p) it is minimized at u = −T
λ p, and the minimum value equals − T

2λ |p|
2. Therefore

the HJB equation is (2.7), and the minimizing selector is (2.8). Since Vλ is a classical solution and
the minimizer is explicit, the verification theorem for finite-horizon controlled diffusions applies
(see [12, Chapter IV] or [36, Chapter 4]), hence Vλ is the value function and (2.8) is an optimal
feedback. �

Theorem 2.3 is classical in several neighboring literatures. The contribution of the present paper
is not the existence of the closed form itself. What is specific here is the optimization reading
of the same formula: the deterministic warm-up, the feedback interpretation through the Fokker-
Planck equation and the Pontryagin maximum principle, the explicit conditional terminal law, the
endogenous schedules set by the criterion, and the low-λ asymptotics stated in a form directly
relevant for global optimization.

Remark 2.4 (Regularized potential). The potential Φλ(t, ·) = −2β log
(
GT−t ∗ πλ

)
is a heat-

regularized Gibbs landscape. The Gaussian scale is
√

2β(T − t), so earlier times correspond to
broader smoothing. Proposition 3.1 further shows that this regularized landscape recovers f as t ↑
T . This is the natural connection with Gaussian homotopies and Hamilton-Jacobi regularizations,
with the important difference that the present variance schedule is selected by (1.1) rather than
prescribed externally.

Remark 2.5 (Monotonicity in λ). The value function Vλ(t, x) is nondecreasing in λ for each fixed
(t, x). In particular, the two limiting values match the monotonicity: as λ ↓ 0 the value function
decreases to f∗ (Theorem 3.9), and as λ → +∞ the control cost forces u ≈ 0, so Vλ(t, x) ↑
(GT−t ∗ f)(x), the free-diffusion average of f .

Remark 2.6. The same feedback law also emerges from an optimal control problem posed directly
on the density. Consider (2.3) subject to (2.2). Applying the Pontryagin maximum principle (see
[25, 33]) on the infinite-dimensional state space of densities, with adjoint field p(s, y), gives the
adjoint equation

−∂sp = u · ∇p+ β∆p+
λ

2T
|u|2, p(T, ·) = f,

and pointwise minimization of the Hamiltonian yields u = −T
λ∇p. Substituting back gives

∂sp =
T

2λ
|∇p|2 − β∆p,

which is the backward Hamilton-Jacobi equation (2.7). Above, we have used HJB and verification
for the derivation in the present finite-dimensional diffusion setting, but the Pontryagin maximum
principle could have been applied as well. Conceptually, it explains why the feedback formula is
natural once the state variable is the whole density rather than a single trajectory.

2.3. Conditional terminal law and three equivalent formulas. The next step is to identify
the optimal Markov process and its terminal conditional law. This is where the optimization
mechanism becomes transparent.
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The optimal process as a Doob transform.

Lemma 2.7. For 0 6 t < s 6 T define

p∗λ(t, x; s, y) =
Gs−t(y − x)hλ(s, y)

hλ(t, x)
.

Then p∗λ is a Markov transition kernel. The associated Markov process has infinitesimal generator

L∗tϕ(x) = β∆ϕ(x) + u∗λ(t, x) · ∇ϕ(x),

where u∗λ is the feedback from Theorem 2.3. In particular, this process realizes the optimal controlled
dynamics. At terminal time, we have

(2.10) p∗λ(t, x;T, y) = ηλ,t,x(y), ηλ,t,x(y) =
GT−t(x− y)πλ(y)

hλ(t, x)
.

Proof. The positivity of p∗λ is obvious. Moreover,∫
IRd
p∗λ(t, x; s, y) dy =

1

hλ(t, x)

∫
IRd
Gs−t(y − x)hλ(s, y) dy

=
1

hλ(t, x)
(Gs−t ∗ hλ(s, ·))(x) =

1

hλ(t, x)
(GT−t ∗ πλ)(x) = 1.

Similarly, for t < r < s,∫
IRd
p∗λ(t, x; r, z)p∗λ(r, z; s, y) dz =

hλ(s, y)

hλ(t, x)

∫
IRd
Gr−t(z − x)Gs−r(y − z) dz

=
Gs−t(y − x)hλ(s, y)

hλ(t, x)
= p∗λ(t, x; s, y).

Hence p∗λ is a Markov kernel.
Let P ∗t,s denote the corresponding semigroup:

P ∗t,sϕ(x) =

∫
IRd
ϕ(y)p∗λ(t, x; s, y) dy =

1

hλ(t, x)
Ps−t

(
hλ(s, ·)ϕ

)
(x),

where Pr = Gr ∗ · is the heat semigroup. Differentiating at s = t and using (2.9), we obtain

lim
s↓t

P ∗t,sϕ(x)− ϕ(x)

s− t
=

1

hλ(t, x)

(
β∆
(
hλ(t, ·)ϕ

)
(x) + ∂thλ(t, x)ϕ(x)

)
= β∆ϕ(x) + 2β

∇hλ(t, x)

hλ(t, x)
· ∇ϕ(x) = β∆ϕ(x) + u∗λ(t, x) · ∇ϕ(x).

This gives the generator. Setting s = T yields (2.10). �

Penalized Gibbs interpretation of the conditional terminal law. The next proposition is
the bridge with Proposition 1.1. It rewrites the conditional terminal law (2.10) as a Gibbs law on
a penalized energy.

Proposition 2.8. For every 0 6 t < T and x ∈ IRd, the density ηλ,t,x from (2.10) can be written
as

(2.11) ηλ,t,x(y) =
1

Zλ,t,x
exp

(
− αλEλ,t,x(y)

)
,

where

(2.12) Eλ,t,x(y) = f(y) +
λ

2T (T − t)
|y − x|2,
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and Zλ,t,x is the normalizing constant

Zλ,t,x = (4πβ(T − t))−d/2
∫

IRd
exp

(
− αλEλ,t,x(z)

)
dz.

Proof. Using the definitions of GT−t, πλ, and αλ,

GT−t(x− y)πλ(y) =
1

(4πβ(T − t))d/2Mλ
exp

(
− |x− y|2

4β(T − t)
− αλf(y)

)
=

1

(4πβ(T − t))d/2Mλ
exp

(
− αλ

(
f(y) +

λ

2T (T − t)
|x− y|2

))
.

Dividing by hλ(t, x) yields (2.11). �

Proposition 2.8 should be read literally. At the current state (t, x), each candidate terminal point
y receives a weight that rewards low objective values through f(y) and penalizes kinematic distance

from the current position through the quadratic term
λ

2T (T − t)
|y− x|2. At the initial time t = 0,

the penalized energy in (2.12) is

y 7→ f(y) +
λ

2T 2
|y − x|2,

namely the same proximal energy as in Proposition 1.1. In that sense the stochastic problem is a
Gibbs relaxation of the deterministic warm-up.

Three equivalent formulas for the optimal drift. We next give three representations of the
optimal feedback. The potential form is the Hamilton-Jacobi representation; the averaged-gradient
and barycentric forms are the two conditional-expectation representations. The differential and
one-sided Lipschitz structure of the barycenter is recorded separately afterwards, because it is a
consequence of the barycentric representation rather than a fourth formula for the drift.

Proposition 2.9 (Three representations of the optimal drift). Under Assumption 2.1, the optimal
feedback admits the following equivalent representations on [0, T )× IRd. First, it is induced by the
potential

(2.13) u∗λ(t, x) = −∇Φλ(t, x), Φλ(t, x) = −2β log(GT−t ∗ πλ)(x).

Second, it has the averaged-gradient form

(2.14) u∗λ(t, x) = −T
λ

∫
IRd
∇f(y) ηλ,t,x(y) dy.

Third, it has the barycentric form

(2.15) u∗λ(t, x) = −x− aλ(t, x)

T − t
, aλ(t, x) =

∫
IRd
y ηλ,t,x(y) dy.

Proof. The potential form is just the definition of Φλ together with u∗λ = 2β∇x log hλ and hλ =
GT−t ∗ πλ. For the averaged-gradient form, we integrate by parts:

∇xhλ(t, x) =

∫
IRd
∇xGT−t(x− y)πλ(y) dy

= −
∫

IRd
∇yGT−t(x− y)πλ(y) dy =

∫
IRd
GT−t(x− y)∇yπλ(y) dy.

Since ∇πλ = −αλπλ∇f , we obtain

∇xhλ(t, x) = −αλ
∫

IRd
GT−t(x− y)πλ(y)∇f(y) dy.
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Multiplying by 2β
hλ(t,x) and using 2βαλ = T

λ yields (2.14). Finally,

∇xhλ(t, x) =

∫
IRd
∇xGT−t(x− y)πλ(y) dy = − 1

2β(T − t)

∫
IRd

(x− y)GT−t(x− y)πλ(y) dy.

Hence

u∗λ(t, x) = 2β
∇xhλ(t, x)

hλ(t, x)
= −x− aλ(t, x)

T − t
,

which proves (2.15). �

Differential structure of the barycenter. We now turn to the monotonicity and one-sided
Lipschitz properties of aλ(t, ·). If η is a probability density on IRd, we denote by Y the canonical
random variable with law η(y) dy, by

Eη[ψ(Y )] =

∫
IRd
ψ(y)η(y) dy, mη = Eη[Y ],

and by

Covη(Y ) = Eη
[
(Y −mη)(Y −mη)

>] =

∫
IRd

(y −mη)(y −mη)
>η(y) dy

the covariance matrix. For ξ ∈ IRd,

Varη(ξ · Y ) = Eη
[
(ξ · (Y −mη))

2
]

= ξ>Covη(Y )ξ.

When η = ηλ,t,x, this convention gives mη = aλ(t, x).

Proposition 2.10 (Barycentric monotonicity and covariance-Hessian identity). Under Assumption
2.1, aλ(t, ·) is C1 and satisfies the matrix identity

(2.16) Dxaλ(t, x) = Id − (T − t)D2
xΦλ(t, x) =

1

2β(T − t)
Covηλ,t,x(Y ).

Here the covariance is computed under the law ηλ,t,x(y) dy. In particular, Dxaλ(t, x) is symmetric
nonnegative definite and aλ(t, ·) is monotone.

Proof. Fix (t, x) and let Y have law ηλ,t,x(y) dy. Writing log ηλ,t,x(y) = − |x−y|
2

4β(T−t) + log πλ(y) −
log hλ(t, x) and using ∇x log hλ(t, x) = − 1

2β∇Φλ(t, x) = aλ(t,x)−x
2β(T−t) , we obtain

∇x log ηλ,t,x(y) =
y − aλ(t, x)

2β(T − t)
.

Therefore, for every direction ξ ∈ IRd,

Dxaλ(t, x)ξ =

∫
IRd
y ξ · ∇x log ηλ,t,x(y) ηλ,t,x(y) dy

=
1

2β(T − t)

∫
IRd
y ξ ·

(
y − aλ(t, x)

)
ηλ,t,x(y) dy =

1

2β(T − t)
Covηλ,t,x(Y )ξ.

This proves the covariance identity. On the other hand, the barycentric formula and the potential
representation give aλ(t, x) = x−(T−t)∇Φλ(t, x), hence Dxaλ(t, x) = Id−(T−t)D2

xΦλ(t, x). Since
covariance matrices are nonnegative definite, Dxaλ(t, x) is nonnegative definite. The monotonicity
follows by integrating Dxaλ along line segments. �
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Factorized one-sided Lipschitz identities. Let t < T , x1, x2 ∈ IRd, and x(θ) = x1 + θ(x2−x1).
We define the trace covariance along this segment by

(2.17) Cηλ(t, x1, x2) =

∫ 1

0
tr Covηλ,t,x(θ)(Y ) dθ =

∫ 1

0

∫
IRd
|y − aλ(t, x(θ))|2ηλ,t,x(θ)(y) dy dθ.

Taking the trace in (2.16) gives, for every x,

tr Covηλ,t,x(Y ) = 2β(T − t)
(
d− (T − t)∆Φλ(t, x)

)
.

After integration along the segment, this yields the exact factorization

(2.18) Cηλ(t, x1, x2) = 2β(T − t)
∫ 1

0

(
d− (T − t)∆Φλ(t, x(θ))

)
dθ.

Corollary 2.11 (Directional, variance and trace forms of the one-sided Lipschitz bound). Let
t < T and x1, x2 ∈ IRd. With x(θ) = x1 + θ(x2 − x1), the directional identity

(2.19)
〈
aλ(t, x2)− aλ(t, x1), x2 − x1

〉
=

∫ 1

0
(x2 − x1)>

(
Id − (T − t)D2

xΦλ(t, x(θ))
)
(x2 − x1) dθ

holds. Equivalently, in covariance form,

(2.20)
〈
aλ(t, x2)− aλ(t, x1), x2 − x1

〉
=

1

2β(T − t)

∫ 1

0
Varηλ,t,x(θ)

(
(x2 − x1) · Y

)
dθ,

where, for each θ, the random variable Y has law ηλ,t,x(θ)(y) dy. Moreover,

(2.21) 0 6
〈
aλ(t, x2)− aλ(t, x1), x2 − x1

〉
6 |x2 − x1|2

∫ 1

0

(
d− (T − t)∆Φλ(t, x(θ))

)
dθ.

Proof. Integrating (2.16) along the segment from x1 to x2 gives

aλ(t, x2)− aλ(t, x1) =

∫ 1

0
Dxaλ(t, x(θ))(x2 − x1) dθ.

Taking the scalar product with x2 − x1 and using the identity Dxaλ(t, x) = Id − (T − t)D2
xΦλ(t, x)

gives (2.19). Using instead Dxaλ(t, x) = 1
2β(T−t) Covηλ,t,x(Y ) gives (2.20), because

(x2 − x1)>Covηλ,t,x(θ)(Y )(x2 − x1) = Varηλ,t,x(θ)
(
(x2 − x1) · Y

)
.

It remains to prove the trace bound. For every θ, the matrix

Aθ = Id − (T − t)D2
xΦλ(t, x(θ)) =

1

2β(T − t)
Covηλ,t,x(θ)(Y )

is symmetric nonnegative definite. Therefore, for every z ∈ IRd, z>Aθz 6 |z|2 trAθ. Applying this
with z = x2 − x1 and using trAθ = d− (T − t)∆Φλ(t, x(θ)) yields (2.21) after integration in θ. �

Remark 2.12 (Near-terminal behavior and Hamilton-Jacobi interpretation). We spell out the
near-terminal content of the preceding identities. As t ↑ T , the conditional law ηλ,t,x localizes near

x at scale
√
T − t. Under Assumption 2.1, πλ is C2 on IRd with locally bounded derivatives. The

Gaussian semigroup Gτ ∗ is a smooth approximation of the identity, so GT−t ∗πλ → πλ in C2
loc(IR

d)
as t ↑ T . Since πλ is positive and the logarithm is smooth on positive functions bounded away from
zero on compact sets, this convergence also holds after applying −2β log. Therefore

(2.22) D2
xΦλ(t, ·) −→ −2βD2

x log πλ =
T

λ
D2f locally uniformly as t ↑ T.
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Inserting (2.22) into (2.19) gives, uniformly for x1, x2 in compact sets,

(2.23)
〈
aλ(t, x2)− aλ(t, x1), x2 − x1

〉
= |x2 − x1|2 −

T (T − t)
λ

∫ 1

0
(x2 − x1)>D2f(x(θ))(x2 − x1) dθ + |x2 − x1|2o(T − t).

Thus the sharp directional coefficient tends to 1, consistently with the terminal identity aλ(T, x) =
x. Similarly, (2.18) yields the trace expansion

(2.24) Cηλ(t, x1, x2) = 2dβ(T − t)− 2βT

λ
(T − t)2

∫ 1

0
∆f(x(θ)) dθ + o

(
(T − t)2

)
.

Thus the directional coefficient in (2.19) converges to 1, whereas the trace majorant in (2.21)
converges to d. The trace bound is less sharp, but it is useful when only the scalar trace covariance
Cηλ is tracked.

The Hamilton-Jacobi interpretation is as follows. From (2.16),

Id − (T − t)D2
xΦλ(t, x) > 0, D2

xΦλ(t, x) 6
1

T − t
Id.

This is the usual one-sided semiconcavity barrier for a quadratic Hamilton-Jacobi flow; see, for
example, [3, 6, 26]. It is an upper barrier, not an assertion that the Hessian actually blows up.
Indeed, (2.16) is equivalently

D2
xΦλ(t, x) =

1

T − t
Id −

1

2β(T − t)2
Covηλ,t,x(Y ).

Combining this identity with (2.22) gives, componentwise and locally uniformly in x,

Covηλ,t,x(Yi, Yj) = 2β(T − t)δij −
2βT

λ
(T − t)2∂ijf(x) + o

(
(T − t)2

)
.

Thus the diagonal covariance contains the leading heat-kernel term 2β(T − t), which cancels the
diagonal semiconcavity barrier 1

T−tId in the Hessian formula; the off-diagonal covariance is only of

order (T − t)2, so no off-diagonal singularity is present.
From the geometric viewpoint of optimal control, the inviscid analogue would correspond to a

Riccati equation for the Hessian along characteristics, whose finite-time blow-up marks the forma-
tion of caustics or conjugate points (see, e.g., [2, 4]). In the present viscous whole-space setting,
the Cole-Hopf representation together with the covariance identity (2.16) shows directly that no
such terminal singularity occurs.

Corollary 2.13 (Conditional terminal expectations). Let X∗ denote the optimal Markov process
from Lemma 2.7. Then, conditionally on X∗t = x, the terminal law of X∗T is ηλ,t,x. Consequently,

aλ(t, x) = E
[
X∗T |X∗t = x

]
,

and

u∗λ(t, x) = −T
λ
E
[
∇f(X∗T ) |X∗t = x

]
= −

x− E
[
X∗T |X∗t = x

]
T − t

.

Proof. The first statement is (2.10). The formulas then follow from Proposition 2.9. �

Corollary 2.13 is the main message of the section. At time t and current position x, the optimal
drift is determined by a weighted family of candidate terminal points. The three formulas say the
same thing in three different languages:

1) Potential language. The optimal feedback is dictated as a heat/Hamilton-Jacobi reg-
ularization of the terminal landscape. Namely, u∗λ = −∇Φλ, where Φλ is the negative
logarithm of a heat-regularized Gibbs density, or equivalently, u∗λ is the negative gradient of
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T
λVλ, up to an irrelevant additive constant in the potential. As t ↑ T , Proposition 3.1 gives

Vλ(t, ·)→ f locally uniformly; equivalently, λ
T Φλ(t, ·)− 2λβ

T logMλ → f locally uniformly.

(a) (b)

Figure 2.1. Visualization of Φλ and the control u∗λ = −∇xΦλ(t, x) at different time
t. We choose f to be the 2-dimensional Ackley function. The parameters are set as
λ = 1. The color-contour represents the landscape of Φλ(t, x) defined in (2.6). The
red star marks the target minimizer x∗ of f . The white arrows indicate the vector
field. The sequence of plots suggests that Φλ(t, x) is a strongly smoothed effective
landscape when t is small, and that this smoothing decreases as t approaches T = 1.

2) Averaged-gradient language. The drift is the Gibbs-Gaussian average of the local gra-
dients ∇f(y). This weighted form of u∗λ involves the normalized weight

ηλ,t,x(y) ∝ exp

(
− T

2λβ
f(y)− |y − x|2

4β(T − t)

)
.

The first exponential rewards small values of the objective. The second rewards terminal
points compatible with the current position and the remaining time. As t ↑ T , the optimal
feedback recovers a scaled negative gradient field; specifically, Proposition 3.1 gives

lim
t↑T

u∗λ(t, x) = −T
λ
∇f(x),

locally uniformly in x. In the normalization T = 1, this becomes − 1
λ∇f(x). This alignment

near T = 1 is illustrated in Figure 2.2.

(a) (b)

Figure 2.2. Visualization of (Φλ,u
∗
λ) for t = 0.99 and (f,−∇f). They are visually

almost indistinguishable. Here f is the two-dimensional Ackley function.
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3) Barycentric language. The drift points from the current state x toward the weighted
average terminal point aλ(t, x). The barycentric formula then says: compute the weighted
average of all candidate terminal points and move from x toward that average. It is this
gradient-free formulation of u∗λ that leads to the computational discretization recorded in
Section 4 below. The barycentric form also carries the factorized OSL and semiconcavity
structure of aλ(t, ·) described in Proposition 2.10 and Corollary 2.11.

Two consequences are immediate. First, the drift may be evaluated either from function values
alone through the barycentric formula or, when gradients are available, through the averaged-
gradient formula. Second, unlike in Gaussian homotopy or consensus-based optimization, the vari-

ance 2β(T − t) and the effective temperature
2λβ

T
are not chosen manually: they are selected by

the control criterion itself.

Corollary 2.14 (Exact optimal initialization). If X0 has density hλ(0, ·) and evolves under the
optimal feedback u∗λ, then the law of Xs is hλ(s, ·) for every s ∈ [0, T ]. In particular, Law(XT ) =
πλ(y) dy.

Proof. For s ∈ [0, T ], the law at time s is∫
IRd
p∗λ(0, x; s, ·)hλ(0, x) dx = hλ(s, ·)

∫
IRd
Gs(· − x) dx = hλ(s, ·),

by the definition of p∗λ and the heat semigroup property. �

Remark 2.15 (Path-space reweighting). There is also an equivalent path-space formulation behind
the same formulas. Let Wt,x be Wiener measure on the trajectory space C([t, T ], IRd) associated
with the driftless diffusion Xs = x+

√
2β(Bs −Bt). Then the value function may be rewritten as

Vλ(t, x) = inf

{
EQ[f(XT )] +

2λβ

T
Ent(Q|Wt,x)

∣∣ Q ∈ P
(
C([t, T ], IRd)

)}
,

and the minimizer is the exponentially reweighted Brownian law

dQ∗λ,t,x
dWt,x

=
exp

(
− αλf(XT )

)
EWt,x

[
exp

(
− αλf(XT )

)] .
This means that Brownian trajectories are reweighted according to their terminal value: paths
ending at smaller values of f(XT ) receive larger weight. This is the bridge with the reciprocal-
diffusion and Schrödinger-Föllmer literature [8, 9, 13, 16, 34, 37].

3. Asymptotics and optimization meaning

This is the main optimization section. The low-λ regime is the global regime: the effective
temperature 2λβ

T tends to 0, the terminal Gibbs law concentrates on the global minimizer, and the
drift becomes an affine attraction toward it. The regime t → T is local: it shows that the same
finite-horizon drift reconnects with a scaled gradient descent near terminal time. We present the
local regime first because its proof is immediate, then the low-temperature regime, and finally the
nondegenerate Laplace expansion.

3.1. Near-terminal regime. The limit t → T explains the local meaning of the finite-horizon
construction. The Gaussian factor in (2.10) shrinks to a Dirac mass, so the optimizer stops averaging
over distant candidate terminal points and recovers local first-order information.

Proposition 3.1. Fix λ > 0. Under Assumption 2.1, we have

Vλ(t, x)→ f(x), u∗λ(t, x)→ −T
λ
∇f(x),

as t ↑ T , locally uniformly in x.
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Proof. Since hλ(t, ·) = GT−t ∗ πλ, the family hλ(t, ·) converges locally uniformly to πλ as t ↑ T .
Because ∇πλ ∈ L1(IRd) by Assumption 2.1, we also have ∇hλ(t, ·) = GT−t ∗ ∇πλ → ∇πλ locally
uniformly. Hence

Vλ(t, x) = −2λβ

T
log hλ(t, x)− 2λβ

T
logMλ −→ −

2λβ

T
log πλ(x)− 2λβ

T
logMλ = f(x),

locally uniformly. Likewise,

u∗λ(t, x) = 2β
∇hλ(t, x)

hλ(t, x)
−→ 2β

∇πλ(x)

πλ(x)
= −T

λ
∇f(x),

locally uniformly. �

Thus, for fixed λ, the finite-horizon drift always recovers a scaled local gradient descent direction
at the end of the interval. The nonlocal part of the optimizer is therefore concentrated away from
terminal time.

3.2. Low-temperature regime. We now turn to the main global-optimization regime. The

effective temperature of the terminal Gibbs law is
2λβ

T
, so the limit λ ↓ 0 is a low-temperature

limit. This is the regime in which the terminal law collapses on the global minimizer.

Assumption 3.2. The function f has a unique minimizer x∗ ∈ IRd.

Remark 3.3 (Local minima are allowed). Assumption 3.2 requires only that the global minimizer
be unique. The function f may still possess arbitrarily many nonglobal local minima and saddle
points. The results below therefore describe a global selection mechanism for the exact finite-horizon
optimal control criterion.

The first ingredient is the Laplace principle (see, for example, [18, 11]) for the partition function
Mλ.

Lemma 3.4. Under Assumption 2.1, we have −2λβ
T logMλ → f∗ as λ ↓ 0.

Proof. Recall that αλ = T
2λβ . Since f > f∗, for every αλ > 1 we have

Mλ =

∫
IRd
e−αλf(y) dy =

∫
IRd
e−(αλ−1)f(y)e−f(y) dy 6 e−(αλ−1)f∗

∫
IRd
e−f(y) dy.

Hence

− 1

αλ
logMλ > f∗ −

1

αλ

(
log

∫
IRd
e−f(y) dy + f∗

)
,

and the right-hand side tends to f∗.
Conversely, fix ε > 0. By continuity of f at any minimizer point x∗, there exists ρ > 0 such that

f(y) 6 f∗ + ε for every y ∈ Bρ(x∗). Therefore Mλ > |Bρ|e−αλ(f∗+ε), which yields

− 1

αλ
logMλ 6 f∗ + ε− 1

αλ
log |Bρ|.

Letting λ ↓ 0 and then ε ↓ 0 gives the conclusion. �

The next lemma strengthens the usual weak concentration statement by providing an exponential
estimate for πλ.

Lemma 3.5. Under Assumptions 2.1 and 3.2, for every r > 0 there exist constants Cr > 0, cr > 0,
and λr > 0 such that

πλ
(
|y − x∗| > r

)
6 Cre

−cr/λ for every λ ∈ (0, λr].

In particular, πλ(y) dy ⇒ δx∗ (narrow convergence) as λ ↓ 0.
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Proof. Fix r > 0. Since x∗ is the unique minimizer and f is continuous,

mr = inf
|y−x∗|>r

f(y) > f∗.

Choose εr ∈
(
0,mr − f∗

)
and then ρr ∈ (0, r) such that f(y) 6 f∗ + εr for every |y − x∗| 6 ρr. As

in the proof of Lemma 3.4, Mλ > |Bρr |e−αλ(f∗+εr). For λ small enough we have αλ > 1, and then∫
|y−x∗|>r

e−αλf(y) dy =

∫
|y−x∗|>r

e−(αλ−1)f(y)e−f(y) dy 6 e−(αλ−1)mr

∫
IRd
e−f(y) dy.

Therefore

πλ
(
|y − x∗| > r

)
6
e−(αλ−1)mr

∫
IRd e

−f(y) dy

|Bρr |e−αλ(f∗+εr)
=
emr

∫
IRd e

−f(y) dy

|Bρr |
exp

(
− αλ

(
mr − f∗ − εr

))
.

Since αλ =
T

2λβ
and mr − f∗ − εr > 0, this gives the desired estimate. �

To convert the concentration of πλ into uniform statements in (t, x) on compact subsets of
[0, T )× IRd, we use the following elementary testing lemma.

Lemma 3.6. Let µn be a sequence of probability measures on IRd converging narrowly to δx∗. Let
F be an equibounded family of real-valued functions on IRd that is equicontinuous at x∗. Then

sup
ϕ∈F

∣∣∣∣ ∫
IRd
ϕ(y)µn( dy)− ϕ(x∗)

∣∣∣∣→ 0 as n→ +∞.

Proof. Fix ε > 0. By equicontinuity at x∗, there exists r > 0 such that

sup
ϕ∈F

sup
|y−x∗|6r

|ϕ(y)− ϕ(x∗)| 6 ε.

Let M = supϕ∈F |ϕ|L∞ . Then

sup
ϕ∈F

∣∣∣∣ ∫
IRd
ϕ(y)µn( dy)− ϕ(x∗)

∣∣∣∣ 6 sup
ϕ∈F

∫
IRd
|ϕ(y)− ϕ(x∗)|µn( dy) 6 ε+ 2Mµn

(
|y − x∗| > r

)
.

Since µn converges narrowly to δx∗ , the second term tends to 0. Letting ε → 0 concludes the
proof. �

The next proposition makes the global-selection mechanism fully explicit at the level of the
conditional terminal law.

Proposition 3.7. Under Assumptions 2.1 and 3.2, for every compact subset K b [0, T )× IRd and
every r > 0, there exist constants CK,r > 0, cK,r > 0, and λK,r > 0 such that

sup
(t,x)∈K

ηλ,t,x
(
|y − x∗| > r

)
6 CK,re

−cK,r/λ for every λ ∈ (0, λK,r].

Proof. Fix a compact set K b [0, T ) × IRd and r > 0. There exists δK > 0 such that T − t > δK
for every (t, x) ∈ K, and the x-projection of K is contained in some ball BR(0). As above, let

mr = inf
|y−x∗|>r

f(y) > f∗.

Choose εr ∈
(
0,mr − f∗

)
and then ρr ∈ (0, r) such that f(y) 6 f∗ + εr whenever |y − x∗| 6 ρr.

Write

Dλ,t,x =

∫
IRd
GT−t(x− y)e−αλf(y) dy.



16 QIN LI, SIXU LI, EITAN TADMOR, AND EMMANUEL TRÉLAT

Since (t, x, y) ranges over the compact set
{

(t, x, y)
∣∣ (t, x) ∈ K, |y − x∗| 6 ρr

}
, and T − t > δK ,

the heat kernel admits a positive lower bound there:

mK,r = inf
{
GT−t(x− y)

∣∣ (t, x) ∈ K, |y − x∗| 6 ρr
}
> 0.

Hence Dλ,t,x > mK,r|Bρr |e−αλ(f∗+εr) for all (t, x) ∈ K.
On the other hand, for λ small enough so that αλ > 1,∫

|y−x∗|>r
GT−t(x− y)e−αλf(y) dy 6 (4πβδK)−d/2

∫
|y−x∗|>r

e−αλf(y) dy

6 (4πβδK)−d/2e−(αλ−1)mr

∫
IRd
e−f(y) dy.

Dividing by the lower bound for Dλ,t,x yields

ηλ,t,x
(
|y − x∗| > r

)
6

(4πβδK)−d/2emr
∫

IRd e
−f(y) dy

mK,r|Bρr |
exp

(
−αλ

(
mr − f∗ − εr

))
,

uniformly in (t, x) ∈ K. Since αλ =
T

2λβ
, the conclusion follows. �

Theorem 3.8. Under Assumptions 2.1 and 3.2, the probability measures ηλ,t,x(y) dy converge to

δx∗ as λ ↓ 0 uniformly for (t, x) in compact subsets of [0, T )× IRd, i.e.,

sup
(t,x)∈K

∣∣∣∣ ∫
IRd
ϕ(y)ηλ,t,x(y) dy − ϕ(x∗)

∣∣∣∣→ 0 as λ ↓ 0,

for every compact subset K b [0, T )× IRd and every bounded continuous function ϕ : IRd → IR.

Proof. Fix K b [0, T ) × IRd, a bounded continuous function ϕ, and ε > 0. By continuity of ϕ at
x∗, there exists r > 0 such that |ϕ(y)− ϕ(x∗)| 6 ε whenever |y − x∗| 6 r. Then

sup
(t,x)∈K

∣∣∣∣ ∫
IRd
ϕ(y)ηλ,t,x(y) dy − ϕ(x∗)

∣∣∣∣ 6 sup
(t,x)∈K

∫
IRd
|ϕ(y)− ϕ(x∗)|ηλ,t,x(y) dy

6 ε+ 2|ϕ|L∞ sup
(t,x)∈K

ηλ,t,x
(
|y − x∗| > r

)
.

The second term tends to 0 by Proposition 3.7. Letting ε ↓ 0 concludes the proof. �

Theorem 3.8 is the global-optimization content of the finite-horizon criterion. Because Assump-
tion 3.2 allows any number of nonglobal local minima, the theorem says that these local traps
disappear in the low-temperature limit at the level of the exact continuous-time criterion: condi-
tionally on the current state (t, x), the terminal law still collapses onto the global minimizer.

We now pass from the conditional law to the drift field and the value function themselves.

Theorem 3.9. Under Assumptions 2.1 and 3.2, we have

Vλ(t, x)→ f∗, aλ(t, x)→ x∗, u∗λ(t, x)→ −x− x
∗

T − t
,

as λ ↓ 0, uniformly on any compact subset K b [0, T )× IRd.

Proof. Since K b [0, T )×IRd, there exists δK > 0 such that T −t > δK for all (t, x) ∈ K, and the x-
projection of K is compact. For (t, x) ∈ K, define gt,x(y) = GT−t(x−y) and bit,x(y) = yiGT−t(x−y),

for i = 1, . . . , d. Since K is compact and T − t > δK , the families GK =
{
gt,x

∣∣ (t, x) ∈ K
}

and

Bi
K =

{
bit,x

∣∣ (t, x) ∈ K
}

are equibounded and equicontinuous on IRd. By Lemmas 3.5 and 3.6,

(3.1) sup
(t,x)∈K

|hλ(t, x)−GT−t(x− x∗)| → 0,
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and, for each i = 1, . . . , d,

(3.2) sup
(t,x)∈K

∣∣∣∣ ∫
IRd
yiGT−t(x− y)πλ(y) dy − x∗iGT−t(x− x∗)

∣∣∣∣→ 0.

Since GT−t(x− x∗) is strictly positive on K, (3.1) and (3.2) imply

(3.3) sup
(t,x)∈K

|aλ(t, x)− x∗| → 0.

The barycentric representation (2.15) then gives

sup
(t,x)∈K

∣∣∣∣u∗λ(t, x) +
x− x∗

T − t

∣∣∣∣→ 0.

Finally, Vλ(t, x) = −2λβ

T
log hλ(t, x)− 2λβ

T
logMλ. By Lemma 3.4, −2λβ

T
logMλ → f∗. By (3.1),

hλ(t, x) converges uniformly on K to the strictly positive function GT−t(x − x∗), and therefore

log hλ is uniformly bounded on K for all sufficiently small λ. Since
2λβ

T
→ 0, we conclude that

sup
(t,x)∈K

∣∣∣∣2λβT log hλ(t, x)

∣∣∣∣→ 0.

Hence Vλ → f∗ uniformly on K. �

Theorem 3.9 should be read as the field-level counterpart of Theorem 3.8. Away from the
terminal singularity, the exact finite-horizon drift converges uniformly on compact sets to the affine

field x 7→ −x− x
∗

T − t
, which points toward the global minimizer. This is the stochastic feedback

analogue of Corollary 1.2.

Remark 3.10 (Non-commutativity of the two limits). The two asymptotic regimes of this section
do not commute. For fixed λ > 0, Proposition 3.1 gives u∗λ(t, x) → −T

λ∇f(x) as t ↑ T . For fixed

t < T , Theorem 3.9 gives u∗λ(t, x)→ −x− x
∗

T − t
as λ ↓ 0. At a point x 6= x∗ where ∇f(x) 6= 0, these

two limits are generically different and point in different directions. At the global minimizer x = x∗,
both limits vanish. In other words, the global mechanism (low λ) and the local mechanism (near
terminal time) can compete, and the behavior of the drift when λ ↓ 0 and t ↑ T simultaneously
depends on the relative rates of the two limits.

We now translate these pointwise statements into assertions about the optimally controlled
process itself.

Corollary 3.11. Let Xλ be the optimally controlled process, started from an initial law ρ0 that
does not depend on λ and is supported in a compact set K0 ⊂ IRd. Under Assumptions 2.1 and 3.2,
we have Law(Xλ

T )⇒ δx∗ as λ ↓ 0, i.e., E
[
ϕ(Xλ

T )
]
→ ϕ(x∗) for any bounded continuous function ϕ.

Proof. By conditioning on Xλ
0 = x and using Lemma 2.7, Law(Xλ

T )( dy) =
∫
K0
ηλ,0,x(y)ρ0( dx).

Hence, for every bounded continuous ϕ,∣∣∣∣E[ϕ(Xλ
T )
]
− ϕ(x∗)

∣∣∣∣ 6 sup
x∈K0

∣∣∣∣ ∫
IRd
ϕ(y)ηλ,0,x(y) dy − ϕ(x∗)

∣∣∣∣.
The right-hand side tends to 0 by Theorem 3.8, applied to the compact set {0} ×K0. �

Corollary 3.12. Let Xλ be the optimal process started from the exact density hλ(0, ·). Under
Assumptions 2.1 and 3.2, we have Law(Xλ

T ) = πλ(y) dy and

E
[
f(Xλ

T )
]

=

∫
IRd
f(y)πλ(y) dy → f∗ as λ ↓ 0.
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Proof. The identity for the terminal law is given by Corollary 2.14. Since f > f∗, it remains to prove
the upper bound. Fix ε > 0. By continuity of f at x∗, there exists r > 0 such that f(y) 6 f∗ + ε
whenever |y − x∗| 6 r. Then∫

IRd
f(y)πλ(y) dy 6 (f∗ + ε)πλ

(
|y − x∗| 6 r

)
+

∫
|y−x∗|>r

f(y)πλ(y) dy

6 f∗ + ε+
1

Mλ

∫
|y−x∗|>r

|f(y)|e−αλf(y) dy.

By coercivity, |f |e−f ∈ L1(IRd). Setting mr = inf |y−x∗|>r f(y), we have mr > f∗. Arguing as in the

proof of Lemma 3.5, there exists ρr > 0 such that Mλ > |Bρr |e−αλ(f∗+ε), and therefore

1

Mλ

∫
|y−x∗|>r

|f(y)|e−αλf(y) dy 6
e−(αλ−1)mr

|Bρr |e−αλ(f∗+ε)

∫
IRd
|f(y)|e−f(y) dy → 0.

Thus

lim sup
λ↓0

∫
IRd
f(y)πλ(y) dy 6 f∗ + ε.

Since ε > 0 is arbitrary and the reverse inequality is trivial, the result follows. �

Corollaries 3.11 and 3.12 give the process-level meaning of the low-temperature limit. The exact
continuous-time optimizer selected by (1.1) drives the terminal law toward the global minimizer as
λ ↓ 0; for the exact self-consistent initialization, even the expected terminal objective converges to
the global minimum value.

3.3. Nondegenerate case and Laplace asymptotics. The previous results use only low-
temperature concentration. When the minimizer is nondegenerate, one can sharpen them by a
leading-order Laplace expansion.

Assumption 3.13. In addition to Assumptions 2.1 and 3.2, f ∈ C4 in a neighborhood of x∗ and
H∗ = D2f(x∗) is positive definite.

Proposition 3.14. Set C∗ =
(2π)d/2√

detH∗
and recall αλ =

T

2λβ
. Under Assumption 3.13, we have∫

IRd
GT−t(x− y)e−αλf(y) dy = e−αλf∗α

−d/2
λ C∗GT−t(x− x∗)

(
1 + O(λ)

)
,(3.4)

hλ(t, x) = GT−t(x− x∗)
(
1 + O(λ)

)
,(3.5)

aλ(t, x) = x∗ + O(λ),(3.6)

u∗λ(t, x) = −x− x
∗

T − t
+ O(λ),(3.7)

Vλ(t, x) = f∗ +
2λβ

T

[
d

2
logαλ − log

(
C∗GT−t(x− x∗)

)]
+ O(λ2),(3.8)

as λ ↓ 0, uniformly on any compact subset K b [0, T )× IRd.

Proof. Set gt,x(y) = GT−t(x − y). Since K b [0, T ) × IRd, the family {gt,x}(t,x)∈K is uniformly

bounded in C2(U) on some fixed neighborhood U of x∗. The multidimensional Laplace method
with parameter-dependent amplitudes (see, for example, [10, Chapter 4] and [35, Chapter IX])
therefore yields, uniformly on K,∫

IRd
gt,x(y)e−αλf(y) dy = e−αλf∗α

−d/2
λ C∗

(
gt,x(x∗) + O(α−1

λ )
)
.
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Since gt,x(x∗) = GT−t(x − x∗) and α−1
λ = 2λβ

T , this proves (3.4). Applying the same expansion

with amplitude identically equal to 1 gives Mλ = e−αλf∗α
−d/2
λ C∗

(
1 + O(λ)

)
. Dividing (3.4) by

this expression yields (3.5). Applying the same argument once more with amplitudes g
(i)
t,x(y) =

yiGT−t(x− y) gives∫
IRd
yiGT−t(x− y)e−αλf(y) dy = e−αλf∗α

−d/2
λ C∗

(
x∗iGT−t(x− x∗) + O(λ)

)
,

uniformly on K. Dividing by the denominator in (3.4) gives (3.6). The barycentric formula from
Proposition 2.9 then yields (3.7). Finally, using (3.4),

Vλ(t, x) = − 1

αλ
log

(
e−αλf∗α

−d/2
λ C∗GT−t(x− x∗)

(
1 + O(λ)

))
= f∗ +

1

αλ

[
d

2
logαλ − log

(
C∗GT−t(x− x∗)

)]
− 1

αλ
log
(
1 + O(λ)

)
.

Since α−1
λ =

2λβ

T
and log

(
1 + O(λ)

)
= O(λ), the last term is O(λ2), which proves (3.8). �

Proposition 3.14 sharpens the low-temperature theory in two ways. First, the drift correction
is of order λ on compact subsets away from terminal time. Second, the value function has an

explicit first correction of size λ log
(

1
λ

)
coming from the factor α

−d/2
λ . This is substantially more

informative than a mere convergence statement.

Corollary 3.15 (Asymptotic covariance of the conditional terminal law). Under Assumption 3.13,
we have

Covηλ(t, x) =
2λβ

T
H−1
∗ + O(λ2),

as λ ↓ 0, uniformly for (t, x) ∈ K, for any compact subset K b [0, T )× IRd, where

(3.9) Covηλ(t, x) =

∫
IRd

(y − aλ(t, x))(y − aλ(t, x))>ηλ,t,x(y) dy.

Proof. The penalized energy (2.12) satisfies D2
yEλ,t,x(x∗) = H∗+

λ

T (T − t)
Id. Since ηλ,t,x is a Gibbs

law at inverse temperature αλ for this energy, the standard Laplace argument for second moments
(see, for example, [10, Chapter 4]) gives

Covηλ(t, x) =
1

αλ

(
H∗ +

λ

T (T − t)
Id

)−1

+ O(α−2
λ ).

Since α−1
λ =

2λβ

T
, expanding the inverse matrix to first order gives the result uniformly on K,

because T − t > δK > 0 on K. �

Thus, in the nondegenerate regime, the conditional terminal law is approximately Gaussian with
mean x∗ + O(λ) and covariance (2λβ/T )H−1

∗ . The directions in which f is flatter at x∗ (small
eigenvalues of H∗) produce larger spread in the terminal law, as expected.

Low-temperature behavior of the OSL coefficient. As a direct consequence of Corollary 3.15,
we obtain the low-temperature behavior of the trace coefficient defined in (2.17). For t in a compact
subset of [0, T ) and (x1, x2) in a compact subset of IRd × IRd, the segment x(θ) = x1 + θ(x2 − x1)
stays bounded, and Corollary 3.15 gives

(3.10) Cηλ(t, x1, x2) =
2λβ

T
tr(H−1

∗ ) + O(λ2),
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uniformly in that set. Equivalently, since T −t is bounded away from zero on such compact subsets,∫ 1

0

(
d− (T − t)∆Φλ(t, x(θ))

)
dθ =

λ

T (T − t)
tr(H−1

∗ ) + O(λ2).

Thus the factorized trace OSL coefficient is of order λ on compact subsets away from the terminal
time. Exponential estimates concern the tails away from neighborhoods of x∗, whereas the full
covariance is generically of order λ in the nondegenerate Laplace regime.

4. Gradient-free discretization

The continuous finite-horizon theory produces a natural gradient-free drift formula (2.15), which
explains the underlying exploration-exploitation mechanism. The purpose of this section is not to
develop a full complexity theory. It is simply to show how the exact barycentric representation
(2.15) suggests a practical gradient-free discretization and to indicate how the parameters T , λ, N ,
and h should be interpreted.

Suppose that at time t the current position is x. To approximate the barycenter aλ(t, x) from
(2.15), one may draw Y 1, . . . , Y N independently from the Gaussian law N (x, 2β(T − t)Id) and use
the importance-sampling estimator

(4.1) aλ,N (t, x) =

∑N
j=1 Y

j exp
(
− αλf(Y j)

)∑N
j=1 exp

(
− αλf(Y j)

) .

This yields the approximate drift

(4.2) uλ,N (t, x) = −
x− aλ,N (t, x)

T − t
.

A simple Euler-Maruyama discretization (see [21]) on the grid tk = kh, stopped at tK = T − δ with
δ > 0, reads

(4.3) Xk+1 = Xk + huλ,N (tk, Xk) +
√

2βhξk, ξk ∼ N (0, Id), k = 0, . . . ,K − 1.

The parameters have the following interpretation:

i) T fixes the horizon and therefore the search radius
√

2β(T − t) at time t.

ii) λ fixes the Gibbs concentration through αλ = T
2λβ : small λ means low temperature and

stronger concentration near minimizers.
iii) N controls the Monte Carlo approximation of the barycenter aλ(t, x) in (4.1).
iv) h is the time discretization step.

A satisfactory non-asymptotic theorem for (4.3) should combine the time discretization error, the
Monte Carlo variance, the near-terminal stiffness coming from the factor (T − t)−1, the low-
temperature covariance scaling in (3.10) and a fair comparison at equal computational budget
with other global methods. A detailed description of the computational algorithm along these lines
is left to a follow-up work.

Figure 4.1 visualizes that mechanism on the two-dimensional Ackley landscape. The colormap
represents the conditional terminal density ηλ,t,x, the cyan dot is the current position x, the red
star is the minimizer, and the white arrow is the drift u∗λ(t, x). As t increases, the conditional
terminal law shrinks and the drift passes from a genuinely global barycentric direction to a local
direction. We stress that this figure is only qualitative: the Ackley function is used as a familiar
visual benchmark, but it does not exactly satisfy Assumption 2.1.
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Figure 4.1. Visualization of the conditional terminal density ηλ,t,x and of the
barycentric drift u∗λ(t, x) at several times. Early times correspond to broad ter-
minal averaging, while late times recover a local direction.

5. Conclusion and further comments

This paper studies the finite-horizon criterion (1.1) as an optimization problem over drift fields.
Starting from the deterministic warm-up, we solved the corresponding stochastic control problem
on IRd, identified the exact Markov feedback, and reorganized it around the conditional terminal
law of the optimal process. This law is the Gibbs measure of the penalized energy (2.12); it yields
the potential, averaged-gradient, and barycentric representations (2.13), (2.14) and (2.15).

We then analyzed two asymptotic regimes that are directly relevant for optimization. As t ↑ T ,
the drift reconnects with a scaled gradient descent. As λ ↓ 0, the conditional terminal law, the
optimal process, and the drift select the unique global minimizer, even when f has nonglobal local
minima; in the nondegenerate case we also obtained leading-order Laplace asymptotics for the
drift, the value function, and the covariance of the conditional terminal law. The two regimes are
generically non-commutative (Remark 3.10), which reflects the tension between global exploration
and local exploitation.

Finally, we recorded a simple gradient-free discretization suggested by the exact barycentric
formula.

The Hopf-Cole closed form and its relation with linearly solvable control, reciprocal diffusions,
mean-field games, and recent Hamilton-Jacobi or Wasserstein-proximal viewpoints are classical.
The present paper focuses on a narrower aspect which, we believe, enables a sharper message:
it isolates the optimization content of that classical formula in a coherent framework on IRd; it
places the conditional terminal law at the center of the discussion; it makes the endogenous search

radius
√

2β(T − t) and temperature
2λβ

T
completely explicit; and it states the low-temperature

asymptotics in a form directly relevant for global optimization. Thus, the novelty is not a new
Hopf-Cole transform, but the systematic extraction of the optimizer selected by this transform and
the precise global-selection interpretation of its conditional terminal law. In particular, the paper
highlights that the exact continuous-time criterion selects the global minimizer asymptotically under
uniqueness of that minimizer, without any assumption excluding non-global local minima.

We conclude with a few further comments and perspectives.

Bounded domains and reflection. Throughout the paper we have deliberately worked on the
whole space IRd. If one wishes instead to impose a hard state constraint on a smooth bounded
domain Ω ⊂ IRd, the coherent way to do so is to replace the free diffusion on IRd by a reflected
diffusion

Xt = x0 +

∫ t

0
us ds+

√
2βBt −

∫ t

0
n(Xs) dKs,

where n is the outward unit normal and Kt is the boundary local time. At the PDE level, the
corresponding Fokker-Planck equation carries a no-flux condition and the backward equation for hλ
becomes the backward heat equation with Neumann boundary condition. In that reflected setting,
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a counterpart of the present analysis should be possible with the Neumann heat semigroup. The
local terminal cancellation discussed in Remark 2.12 should then be understood only away from
boundary effects. Near the boundary, reflected heat-kernel contributions and the geometry of the
boundary may alter the Riccati/caustic picture, and the covariance factorization used in the whole-
space proof must be replaced by its reflected analogue. By contrast, declaring f = +∞ outside Ω
while still evolving a free diffusion on IRd mixes two different models and is not a satisfactory way
to encode state constraints.

Several global minimizers. If f has several global minimizers, the Gibbs measures πλ(y) dy
still concentrate on the set argmin f , but the limiting distribution need not be a single Dirac
mass. Accordingly, the barycenter aλ(t, x) may depend in a nontrivial way on the Gaussian factor
GT−t(x − ·) and on the geometry of the minimizer set. In that regime one should not expect the

single affine limit −x− x
∗

T − t
without additional symmetry-breaking assumptions.

Unique global minimizer and several local minima. This is the regime covered by Section
3. The only structural assumption there is the uniqueness of the global minimizer; any number
of nonglobal local minima or saddle points is allowed. The exponential concentration estimate of
Proposition 3.7 shows that, at the level of the exact continuous-time criterion, those local minima
do not affect the low-temperature selection mechanism: the terminal law still concentrates near x∗.
What the paper does not prove is a finite-λ or complexity guarantee for a practical algorithm. For
fixed small λ and for the Monte Carlo discretization of Section 4, metastability, sampling error,
and near-terminal stiffness may still matter. Thus the result is a global-selection theorem for the
exact drift in the asymptotic regime λ ↓ 0, not yet a full computational-complexity statement.

Other running costs and control constraints. The quadratic running cost is special because
it leads to the Hopf-Cole linearization of the Hamilton-Jacobi equation (2.7) via the heat equation
(2.9), and therefore to the explicit formulas of Theorem 2.3, Proposition 2.8, and Proposition 2.9;
see also [20, 31, 32]. Replacing it by an L1 running cost, or imposing a hard bound |ut| 6 1, leads
to a completely different optimal control problem. From the Hamiltonian point of view, this is
where a Pontryagin maximum principle analysis should become highly relevant. In the L1 case
the minimizing Hamiltonian is no longer quadratic and one expects nonsmooth Hamilton-Jacobi
equations and possibly sparse drifts. Under the hard bound |ut| 6 1, the minimizing controls should
saturate the constraint on the region where the adjoint gradient is nonzero, leading to bang-bang
type feedbacks. These variants are mathematically natural from the optimization viewpoint, but
they fall outside the linearly solvable framework of the present paper.
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[26] P.-L. Lions, Generalized Solutions of Hamilton-Jacobi Equations, Research Notes in Mathematics 69, Pitman,

1982.
[27] S. Osher, H. Heaton, and S. Wu Fung, A Hamilton-Jacobi-based proximal operator, Proc. Natl. Acad. Sci. USA

120 (2023), e2220469120.
[28] G. A. Pavliotis, Stochastic Processes and Applications: Diffusion Processes, the Fokker-Planck and Langevin

Equations, Springer, 2014.
[29] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F. Mishchenko, The Mathematical Theory of

Optimal Processes, Interscience, New York, 1962.
[30] H. Risken, The Fokker-Planck Equation: Methods of Solution and Applications, second edition, Springer, 1996.
[31] E. Todorov, Linearly-solvable Markov decision problems, in Advances in Neural Information Processing Systems

19, 2006, pp. 1369-1376.
[32] E. Todorov, Efficient computation of optimal actions, Proc. Natl. Acad. Sci. USA 106 (2009), 11478-11483.
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